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Abstract 

We consider rationally connected complex projective manifolds 
M and show that their loop spaces — infinite dimensional complex 
manifolds — have properties similar to those of M . Furthermore, we 
give a finite dimensional application concerning holomorphic vector 
bundles over rationally connected complex projective manifolds. 



Introduction 

Let M be a complex manifold and r = 0, 1, . . . , oo. The space C^{S^ , M) 
of r times continuously differentiable maps x: M, the (free) 
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loop space of M, carries a natural complex manifold structure, lo- 
cally biholomorphic to open subsets of Banach (r < oo) rcsp. Frechet 
(r = oo) spaces, see [L2]. The same is true of "generalized loop 
spaces" — or mapping spaces — C^{V,M), where F is a compact C" 
manifold, possibly with boundary; when r = 0, V can be just a com- 
pact Hausdorff space. A very general question is how complex analyt- 
ical and geometrical properties of M and its loop spaces are related. 

Our contribution to this problem mainly concerns rational connec- 
tivity. A complex projective manifold is a complex manifold, biholo- 
morphic to a connected submanifold of some projective space P"(C). 
Such a manifold M is called rationally connected if it contains rational 
curves (= holomorphic images of P^(C)) through any finite collection 
of its points. This is equivalent to requiring that for a nonempty open 
U C M X Ad and any (p, q) ^ U there should be a rational curve 
through p and q. For the theory of rationally connected varieties see 
[AK, Kl, KMM]. 

Projective spaces, Grassmannians, and in general complex projec- 
tive manifolds birational to projective spaces are rationally connected. 
In a sense rationally connected manifolds are the simplest manifolds; 
at the same time, general complex projective manifolds can be studied 
through rationally connected ones by the device of maximally ratio- 
nally connected fibrations [Kl, Theorem IV. 5. 4]. 

Here is a brief description of the results presented in this paper. 
For more complete formulations and for background the reader is re- 
ferred to Section 1. First we prove that loop spaces C^{S^,M) of 
rationally connected complex projective manifolds M contain plenty 
of rational curves, but in some other mapping spaces C^{V,M) ratio- 
nal curves are rare. Then we shall discuss holomorphic functions and, 
more generally, holomorphic tensor fields. Extending earlier results of 
Dineen-Mellon and the first author [DM,L2] wc show that on map- 
ping spaces of rationally connected complex projective manifolds M 
holomorphic functions are locally constant, and the same is true on 
submanifolds of C^{V,M) consisting of so called based maps. This 
infinite dimensional result has the finite dimensional corollary that 
holomorphic linear connections on vector bundles E ^ M are trivial. 

Next we consider the "trivial" component of C"'(y, M) consisting 
of contractible maps. We show that the constancy of holomorphic 
functions on this component already follows once we know M is com- 
pact, connected, and all contravariant symmetric holomorphic tensor 
fields on M (of positive weight) vanish (i.e., the only holomorphic sec- 
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tion the symmetric powers of T*M admit is the zero section). This 
property is probably weaker than rational connectivity. In fact, ratio- 
nal connectivity implies that holomorphic contravariant tensor fields, 
symmetric or not, vanish, see [AK, Theorem 30]; and conjecturally the 
converse, "Castelnuovo's criterion", is also true for complex projective 
manifolds. Finally we prove that for compact connected M, if on M 
all contravariant holomorphic tensor fields of positive weight vanish 
then the same holds on the trivial component of M). 



1.1. Mapping spaces. Fix r = 0, 1, . . . , oo and a compact manifold 
V of class C, possibly with boundary (or just a compact Hausdorff 
space, when r = 0). We start by quickly describing the complex man- 
ifold structure on the mapping space X = C"'(V, M) of a finite dimen- 
sional complex manifold M. For generalities on infinite dimensional 
complex manifolds, see [LI, Section 2]. We need 

Lemma 1.1. There are an. open neighborhood D C M x M of the 
diagonal and a C°° diffeomorphism F between D and a neighborhood 
of the zero section in TM with the following properties. Setting = 
{z e M: {z,w) e D} and F'^ = F{-,w), for all w e M we have 

(a) F'^ maps D'^ biholomorphically on a convex subset ofT^^M; 

(b) F^(w) € TyjM is the zero vector; 

(c) dF'^iw) : TyjD'^ = T^M -> T^M is the identity. 

(In (c) we have identified a tangent space to the vector space T^M 
with the vector space itself.) 

Proof. When M is a convex open subset of some C" so that TM is 
identified with C" x M, one can take D = M x M and F{z,w) = 
{z — w,w). A general M being locally biholomorphic to convex open 
subsets of C", one obtains a covering of M by open sets W and C°° 
maps Fw:WxW^ TW that satisfy (a, b, c) for w e W (with 
replaced by W). If {xiyjH/ is a corresponding C°° partition of unity 
on M, one can take as F(z, w) the restriction of 
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to an appropriate neighborhood of the diagonal. 



3 



Given D and define the complex structure on X = C''{V,M) 
as follows. A coordinate neighborhood of y G X consists of those 
a; G X for which (x{t),y{t)) G D for all t ^V. This neighborhood is 
mapped to an open subset of C'^{y*TM), the space of C" sections of 
the induced bundle y*TM ^ F, by the map 

^y-.x^^, m = F{x{t),y{t)). 

It is straightforward that the local charts ipy arc holomorphically re- 
lated and so define a complex manifold structure on C^{V,M); this 
structure is independent of the choice of D and F. 

The above construction is slightly simpler then the one in [L2, 
Section 2]. Its drawback is that it does not generalize to infinite di- 
mensional manifolds M, that may not admit C°° partitions of unity. 
By contrast, the construction in [L2] does generalize, since it uses 
partitions of unity on V only. 

A closed A C V and xq £ X determine a subspace of "based" 
maps. Denoting the r-jet of x by fx, the subspace in question is 

(1.1) Z = Cl,,{V,M) = {xeX: fx\A = fxo\A}, 

a complex submanifold of X. As explained in [L2, Sections 2,3], for 
X € X the tangent space TxX is naturally isomorphic to C^{x*TM); 
ii x E Z, under this isomorphism T^Z C T^X corresponds to 

(1.2) C'a{x*TM) = {e G C''{x*TM) : f^\A = 0}. 

Up to this point TX, TZ are real vector bundles. However, as 
in finite dimensions, the local charts endow the real tangent bundles 
of X and Z with the structure of a locally trivial holomorphic vector 
bundle, and we shall always regard TX and TZ as such. 

1.2. Rational connectivity. While our principal interest is in com- 
plex manifolds, we will have to deal with projective (or quasiprojec- 
tive) varieties defined over fields other than C as well. Then we shall 
use the language of algebraic geometry, in particular the topology im- 
plied will be Zariski's. If M is a variety defined over a field k, we 
write M{k) for its points over k. When k is algebraically closed we 
shall ignore the difference between M and M{k), so, for instance, a 
smooth projective variety M over C will be thought of as a complex 
projective manifold determined by M(C). 
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Definition 1.2. Let M be a smooth projective variety defined over a 
field k of characteristic 0. When k is algebraically closed and uncount- 
able, M is rationally connected if there is a morphism f:F^^M 
defined over k (i.e., a rational curve) such that the induced subbundle 
f*TM is ample: f*TM « 0Opi(dj), with all dj > 0. In general, M 
is rationally connected if it is such when considered over some ( and 
then over an arbitrary) uncountable algebraically closed field K D k. 

Over a field of positive characteristic the above property defines the 
so called separably rationally connected varieties. When k = C, ratio- 
nal connectivity is equivalent to requiring that there be a nonempty 
open U C M{C) X M(C) such that for (p, q) G U there is a rational 
curve through p and q; and also to requiring that through any finite 
collection of points in M(C) there be a rational curve. For all this, 
see [AK, Definition-Theorem 29]. 

1.3. Rational connectivity of loop spaces. 

Theorem 1.3. Let M be a rationally connected complex projective 
manifold and V a one real dimensional manifold. Then the space 
C"'(y, M) is rationally connected in the sense that for any n G N there 
is a dense open O C C^(V, M") such that through any n-tuple of maps 
{xi, . . . ,Xn) € O there is a rational curve in C"'(y,M). 

Taking V = we see that M must be simply connected, a result 
first proved by Campana [C]. 

The theorem would not hold for higher dimensional V. First, the 
space C^{V,M) may be disconnected, which precludes rational con- 
nectivity. But even within components rational curves will be scarce, 
typically. Let us call the component of C (V, M) containing constant 
maps the trivial component. 

Theorem 1.4. If V is a closed connected surface and h: P-'^(C) 
C^{V,F^{C)) holomorphic then h is constant or else maps into the 
trivial component o/ C(y, P^(C)). 

We do not know whether in the trivial component generic n-tuples 
can be connected with rational curves; but at least a nonempty open 
set of n-tuples can be. We shall not prove this, but it follows along 
the lines of Section 2 (with Lemma 2.2 slightly modified), even for 
arbitrary V and the mapping space C''(y, M) of a rationally connected 
M instead of pi(C). 
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1.4. Holomorphic functions. A simple consequence of Theorem 
1.3 is that on loop spaces of rationally connected complex projective 
manifolds holomorphic functions are constant. It turns out that this 
generalizes to spaces Z of based maps, see (1.1), even though a typi- 
cal Z will not contain compact subvarieties, let alone rational curves 
according to [L2, Theorem 3.4]. 

Theorem 1.5. If M is a rationally connected complex projective man- 
ifold, A C V is closed, andxo € C^'{V,M), then holomorphic functions 
C^^^{V,M) C are locally constant. 

The case when M is a projective space was known earlier, see 
[DM, Theorems 7, 11] for r = and [L2, Theorem 4.2] in general. 
The theorem has the following 

Corollary 1.6. // a holomorphic vector bundle (possibly with fibers 
Banach spaces ) E ^ M over a rationally connected complex projective 
manifold admits a holomorphic (linear) connection then both E and 
the connection are trivial. 

In fact, in section 4 we shall prove a rather more general result. 
However, something far more general may also be true that has noth- 
ing to do with rational connectivity. We conjecture that Corollary 1.6 
is true for all simply connected compact Kahler manifolds M. — As 
Kollar noted, when E has finite rank and M is not only rationally 
connected but Fano, Corollary 1.6 immediately follows from [AW, 
Proposition 1.2]. Holomorphic connections have been studied first by 
Atiyah ,A,. Among other things he proved a Lefschetz type theorem 
on generic hyper planes, and completely classified holomorphic connec- 
tions over Riemann surfaces in terms of the fundamental group. 

1.5. Holomorphic tensor fields. All tensor fields will be contravari- 
ant, without explicit mentioning. Over a finite dimensional manifold 

these tensor fields are sections of tensor powers of T*N. To avoid, 
in the infinite dimensional case, dealing with the ambiguous notion of 
tensor product of Banach or Prechet spaces/bundles, we simply define 
a holomorphic tensor field on a complex manifold as a holomorphic 
function 

g : T^N = TN ® . . . ^ TN ^ C, 

multilinear on each fiber. The integer j = 0, 1, ... is the weight of the 
tensor field; a tensor field of weight is just a holomorphic function 
on A^. If g is symmetric on the fibers we speak of a symmetric tensor 
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field. Examples of symmetric holomorpliic tensor fields are the zero 
fields (for all weights) and the constant fields of weight 0. We call these 
fields trivial, and we shall be interested in manifolds M on which all 
holomorphic tensor fields are trivial (this implies M is connected). As 
said earlier, rationally connected complex projective manifolds are of 
this kind. 

In the next theorem M can be a complex manifold locally biholo- 
morphic to open sets in Banach spaces. 

Theorem 1.7. Let M be a complex manifold and Y C C""(y, M) a 
connected neighborhood of the space of constant maps. 

(a) If on M all symmetric holomorphic tensor fields are trivial 
then holomorphic functions on Y are constant. 

(b) If on M all holomorphic tensor fields are trivial then the same 
holds on Y . 

As already said, for complex projective manifolds having only triv- 
ial holomorphic tensor fields is conjecturally equivalent to rational 
connectivity. According to Theorems 1.3, 1.7, both properties are in- 
herited by loop spaces, a fact we consider a mild additional evidence 
in favor of the conjecture. 

2 Rational connectivity of loop spaces 

In this section we shall prove Theorem 1.3. The key is the following. 

Lemma 2.1. Let k be a field of characteristic zero and M a smooth, 
rationally connected projective variety over k. Given distinct points 

Pi, ■ ■ ■ ,Pn £ defined over k, there are a smooth variety W and a 
morphism / : x 1/F — > M over k such that the map 

(2.1) ^ = {f{p,,-)Tu=i-W^M^ 

is a surjective submersion on a dense open U C M" and its fibers are 
irreducible. 

In the proof we will have to extend the field k. Since after a field 
extension our varieties might become reducible, and so cease to be 
varieties, we shall work in the larger category of schemes of finite type 
over a field. When dealing with a base field other than k, we will 
indicate it in the subscript. Note that the notion of direct product 



7 



of varieties (or schemes) depends on the base-field. For a good in- 
troduction to the language of schemes, and a detailed explanation of 
the basic properties of families and their fibers we refer to chapters 
II/1-II/3 of |Hsj . Below we summarize what will be needed for the 
proof of Lemma 2.1. 

Definition 2.2. All our schemes are assumed to be schemes of finite 
type without explicitly writing so. 

Definition 2.3 (Dominant families). Let k be a field of charac- 
teristic and N a variety over k. A dominant family over N is a 
morphism A ^ N from a k-scheme to N with dense image. The 
fiber of this family over a closed point p ^ N is just the inverse im- 
age of p £ N , a k-scheme. A generically defined morphism between 
two dominant families a : A ^ N and (3 : B ^ N is an equiva- 
lence class of pairs {U,(f)), where U Q N is an open dense subset and 
(j) : a~^{U) —>■ B is a morphism such that (3 o (j) = a\a~^{U) (i.e. (j) 
acts fiber-wise). Two pairs {U,(p) and{V,'ip) are considered equivalent, 
if the restrictions of (j) and ip to the subset a^^ {U nV) are equal. Thus 
the dominant families over N form a category, whose morphisms are 
the generically defined morphisms. 

Restricting a dominant family to a family over a dense open P C N 
defines an equivalence of categories. So, in the following discussion we 
shall assume that our is an affine variety with coordinate ring TV. 
Let K denote the field of rational functions on N, the quotient field 
of J\f. 

If j4 C X is a closed subscheme for some n, where denotes 
the n-dimensional affine space over k, and the restriction ^4 — >■ iV of 
the projection x A^ — > is dominant, we call the family A — > 
A^ affine. Then A is simply defined via the vanishing of certain n- 
variable polynomials whose coefficients are regular functions on A^, 
i.e. elements from M. Each dominant family is the union of finitely 
many affine dominant families. A standard method for dealing with 
families is first to study the situation for affine families, and then to 
glue them together. 

Let B C N X A^ be another affine dominant family, and let 
{U,(p) : A — > B represent a generically defined morphism between 
them. Again, we may shrink U to an affine subset. Then (j) is sim- 
ply given via m coordinates, each coordinate an n- variable polynomial 
whose coefficients are regular functions on U, i.e., elements of K. 
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A and B were defined via polynomial equations with coefficients 
in Af. Now wc think of them as polynomials with coefficients in K. 
and define the generic fibers Agen C and -Bgen C via the same 
equations. These are affine ii'-schemes. Moreover, the m polynomials 
we used to define {U, 4>) also have coefficients in K. Hence they give 
us a morphism (/)gcn : ^gcn ^gcm and wc call this the generic fiber 
of (UjCp). It is easy to check that taking generic fibers is a functor 
from the category of affine dominant families defined over N into the 
category of affine if-schemes (in particular, it does not depend on the 
chosen affine embeddings). 

There is also a functor in the opposite direction obtained as fol- 
lows: Consider an arbitrary affine iC-scheme defined via finitely many 
polynomial equations with coefficients in K. Let D e J\f he a common 
denominator for these coefficients and let iV/j C N denote the comple- 
ment of the zero set of D. Then the coefficients arc regular functions 
on Nd, hence our ii'-scheme is isomorphic to the generic fiber of the 
affine dominant family over Nd defined via the same equations. A sim- 
ilar argument proves that each morphism of affine E'-schemes is just 
the generic fiber of a generically defined morphism of affine dominant 
families. Hence taking generic fiber is an equivalence of categories. 

The construction of generic fibers in affine dominant families being 
canonical, one can easily extend it to arbitrary dominant families, by 
simply gluing together the affine pieces. Before we state the next 
theorem, we recall a definition: 

Definition 2.4. Let X be any k-scheme, and K D k afield extension. 
Then X is defined via gluing together certain affine subsets, the affine 
pieces are given via polynomial equations with coefficients in k. If 
we consider the same equations over K , we get affine K-schemes. 
These affine pieces glue together the same way as the original affine 
k-schemes to produce a K-scheme Xk- 

1. Xk will denote the K-scheme we obtain. 

2. If p & Y C X is a k-point and a k-subscheme, then the above 
procedure gives us a K-point and a K-subscheme px £ Yk C 
Xk. 

3. We say that X is geometrically irreducible if Xk is irreducible 
for all field extensions K D k. 

We note that an open dense subset of a scheme X is geometrically 
irreducible precisely when X is. 
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Theorem 2.5 (Families and their fibers). Let k be a field of char- 
acteristic zero, N a variety over k, and K the field of rational func- 
tions on N. 

1. Each dominant family A ^ N has a generic fiber ^gen; which is 
a K-scheme. Each generically defined morphism between fami- 
lies A ^ N and B ^ N has a generic fiber Agen — ^ -Bgen • 

2. Taking generic fiber is a functor from the category of dominant 
families of varieties over N to the category of K -schemes. It is 
an equivalence of categories. 

3. For a k-scheme X the projection X x N ^ N is called the 
trivial family with fiber X. It's generic fiber is Xk. Under 

the above equivalence of categories the subschemes Ygcn C Xk 
correspond to families of subschemes of X parameterized by N, 
i.e. subschemes Y c X x N which dominate N; and K -points 
Qgen S Xk correspond to families of points of X parameterized by 
N, i.e. subvarieties q C X x N which project birationally to N . 
Furthermore, qg^n £ ^gen if and only if after restricting to some 
dense Zariski open subset U d N the second family contains the 
first: q\u C Y\u. For a k-point and a k-subscheme q' E Y' C X 
the constant families q = q' x N, Y = Y' x N correspond to the 
K-point qgen = q'k ^ -^K and K-scheme Yg^n = Yk C Xk. 

4. If X ^ N and Y ^ N are dominant families, then the fiber 
product X Xn Y ^ N is again a dominant family. Moreover, 
the corresponding K-scheme is {X Xn ^)gen — -^gen xk ^gen? 
where Xk stands for the direct product of K -schemes. 

5. If f : M ^ N is a dominant morphism of k-varieties with func- 
tion fields L D K and X ^ N is a dominant family, then the 
pullback family is the fiber product X Xj^ M M , a dom- 
inant family over M whose generic fiber is isomorphic to the 
L-scheme (Xgen)L- Moreover, the fiber of the pullback family at 
any k-point p E M is naturally isomorphic to the fiber of the 
original family at f{p). 

6. If the generic fiber of a dominant family is geometrically irre- 
ducible then almost all fibers are irreducible, hence connected in 
the Zariski topology. 
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Sketch of proof. We already discussed the first two statements; El 
|1] and [5] follow easily from Q El a-nd the definitions. For a detailed 
explanation of the basic properties of families and their fibers we refer 
to chapters II/1-II/3 of |Hs| . We give a short proof for j^l here. Sup- 
posing that a : A ^ N is a dominant family over k such that Ag^^ 
is geometrically irreducible, we shall show that its fibers are geomet- 
rically irreducible over a dense Zariski open subset of N. Our a is 
defined over a finitely generated subfield of k, so we may assume that 
k is finitely generated, hence a subfield of C, the field of complex num- 
bers. Then we may extend k to C (reducible schemes stay reducible 
after field extensions), so from now on /c = C. We may replace A with 
its reduced scheme structure. Since the regular part of A intersects 
almost all fibers in a dense Zariski open subset, we may assume that 
A is a smooth variety. 

Next we pick an irreducible subvariety S" C ^ of dimension dim 
such that the restricted map a\s ■ S ^ N is dominant (if is at least 
one-dimensional then we may simply intersect A with dim A — dim 
hyperplanes in general position, if is a point then take any closed 
point for S). We shall think of S* as a multiple valued section of 
A ^ N. By the algebraic version of Sard's lemma (III/10.7 in |Hsj l we 
can find a dense, Zariski open subset U C N such that the restrictions 
a~^{U) — > U and {a\s)~^{U) — A^ are submersions, and further 
shrinking U we can achieve that the second map is finite, hence a 
covering space in the topological sense. For simplicity we replace A^ 
with U, so from now on a is a submersion, and the restriction S ^ N 
is a finite covering space. We may do this since U is dense, hence we 
kept almost all fibers of the original family. 

Let as '■ As S denote the pullback of the family a via S ^ N. 
The virtue of this family is that it has a section s : 5 — > As defined as 
s{p) = {p,p) G Ax]\f S. In each fiber of as we consider the connected 
component which intersects this section, and let A'^ C A be their 
union. It is easy to see, that A*^ is a connected component of As (in 
the classical topology, hence also in the Zariski topology). On the 
other hand, each component of surjects onto A, hence surjects 
onto A^, and also on S (since proper subvarieties of S may not surject 
onto A'^). Hence the irreducible components of As are in one-to-one 
correspondence with the irreducible components of its generic fiber. 
But this generic fiber can be obtained from ^gen by extending the 
base- field K to the function field of S (see of this theorem), so 
it is irreducible by assumption. Hence As must also be irreducible. 
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Therefore ^4^ = A*g, and all fibers of as are irreducible. But the fibers 
of as are the same as the fibers of a (just they appear many times), 
we proved our claim. 

Proof of Lemma \2.1\ At the price of replacing M by x M it can 
be assumed that dim(M) > 3. Our plan is to study the family of all 
n-tuples of points on M. This family is parameterized by M", and it 
is given by n families of points of M: 



(i/ = l,2,...n) 



where the left hand side is 

(lv = \{jn \ mi, 7712, . . . ,m„) G M x M" : m = ~ 

and 

7i.(mi,; mi, 1712, ■ ■ ■,mn) = (mi,m2, . . . ,m„). 
Taking generic fibers we get an n-tuple of if -points 

Ql,gcm 92, gen ) • • • i Qn,gen G Mk. 

Our next goal is to find a smooth, geometrically irreducible K- 
variety V together with a family g : P)^ xj^V ^ Mk of smooth ratio- 
nal curves, each passing through all of the points gi,gen, Q2,gen, ■ ■ ■ , Qn,gen- 
Since M is rationally connected, so is Mk, cf. Definition ll.2l By The- 
orem 16 of |KSj . over K there is a family of smooth rational curves in 
Mk, parameterized by a smooth, geometrically irreducible if- variety 
W, such that each curve passes through our n points. But this the- 
orem gives the rational curves as subvarieties of Mk, so our V will 
be a PGL;^ (2)-bundle over W to account for all parameterizations. 
(Note here that although we found an entire family of curves, V might 
not have any point defined over K, so we cannot easily get a single 
rational curve defined over K.) 

By the smoothness assumption each rational curve g{-,v) passes 
through all qv,ge\i exactly once, whence there are if-morphisms 



1 

K > 



l,2,...n 



such that g{au{v),v) = qu,gcn for all v & V. Indeed, for each v the 
projection 

S = \^{s,v)eF]^XKV: g{s,v) = g^,gen} ^ V 
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is a bijective morphism between smooth varieties. Its inverse is ratio- 
nal by Sard's lemma, [Hs, III/10.7], hence regular by Zariski's Main 
Theorem, [Hs, V/5.2]. Composing this inverse with the projection 
S — > F]^ we obtain a^- By shrinking F to a dense open subset we may 
achieve that aiy{v) is never oo E P|^. 

Next we can think of the given points pi, G P], as points p^^x £ 
P)^ with the same homogeneous coordinates (see Definition I2.4() . We 
can compose g{-,v) with appropriate interpolating polynomials — or 
rational functions if some pu = oo — to replace (Tij{v) with pi, and 
arrive at the situation 

(2.2) 9{Pu,K,v) = g^,gen , V G V, U = 1, 2, . . . 71. 

The rational curves g{-,v) may no longer be smooth, but this will not 
matter. 

The IT- variety V is the generic fiber of a dominant family cp : V* ^ 
M" whose fibers are reduced (since V is reduced). By Theorem 12.51 
we may assume that each fiber of (j) is irreducible (we simply shrink 
V* to a dense open subset). Upon further shrinking, by Sard's lemma 
(III/10.7 in [Hsj) we may also assume that cj) is a submersion. We use 
again Theorem 12. 5 1 and see that P)^ V is the generic fiber of the 
dominant family (P^ x Af") x V* x V* ^ M" and g is the 

generic fiber of a generically defined morphism of families: 

pi X V* --^ M xW 

(j) o pry. 
W === 

Since g* is a rational map into a projective variety, it extends (uniquely) 
to the complement of a codimension 2 subvariety of xV*. Hence we 
may shrink V* further, and achieve that g* is an everywhere defined 
morphism (see the paragraph about fundamental points on page 50 of 
[M])- By Theorem 1231 equation (|2?2|) imphes that 

g*{Pu,v) = 7;;H4>iv)) = {4>{vU <f>{v)) e m x M^ 

where for v € V* , (j){v)iy € M denotes the iz-th coordinate of <^(f) G 
M", u = l,...,n. Now we set W = V*, and / = pr^ og* -.F^ xV* ^ 
M, the first component of g* . Then f{pu,v) = 4'{v)u, hence 
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is a submersion, and its fibers are irreducible. This proves the lemma. 

Next we need a result from differential geometry. Let be a one 
dimensional compact manifold. 

Lemma 2.2. Let ip: W ^ U be a surjective C°° submersion between 
finite dimensional C°° differential manifolds, whose fibers are con- 
nected. For any r and y G C^{V,U) there is such an rj E C'^{V,W) 
that (fOT] = y. 

Proof. First observe that any compact subset C of a fiber (p~^{u) 
has an open neighborhood Wq C W such that (p\Wo is a trivial fiber 
bundle with connected fibers. To verify this we can assume U = 
and n = 0. A partition of unity argument gives a connection on W, 
i.e. a subbundle H C TW complementary to the tangent spaces of the 
fibers of (p. Fix a relatively compact, connected open neighborhood 
G C (p~^{u) of C. Connect an arbitrary v G M™ with € by a 
curve 7 consisting of m segments, the /it'th segment parallel to the /x'th 
coordinate axis. If u is in a sufficiently small neighborhood Uq C of 
u and c £ G then 7 can be uniquely lifted to a piecewise smooth curve 
r, tangent to H and starting at c. Let ^{c, v) denote the endpoint 
of r. Then is a fiberwise diffeomorphism of G x C/q on an open 
neighborhood Wq of C, as claimed. 

It follows that there are closed arcs ^1, . . . , An covering V and C 
maps rjy-. Ay ^ W such that ip o rj^ = y. We show that there is a 
C map rj: AiU A2 ^ W such that (p or} = y. Indeed, Ai fl A2 is 
empty or consists of one or two components. In the first case rj = 
r]y on Ay, 1/ = 1,2, will do. Otherwise choose points bi from each 
component of Ai H A2; thus Ai U A2\{bi}i is the disjoint union of 
two arcs A^ C A^, u = 1,2. Using the neighborhoods of C = Cj = 
{iliibi)^ V2ibi)} from our initial observation, it is straightforward to 
construct the required r]; it will agree with rj^ on A^, away from a 
small neighborhood of bi. 

Now one can continue in the same spirit, fusing more and more 
arcs, eventually to obtain the 77 of the lemma. 

Proof of Theorem 1.3. Fix distinct p\,...,Pn G P^(C) and apply 
Lemma 2.1, with k = C. We obtain a holomorphic map /: P-^(C) x 
^ M of complex manifolds so that 

V = {f{p,rK=i-W^M^ 

is a surjective submersion on a Zariski dense open U C M", with 
irreducible, hence connected fibers (see [M, 4.16 Corollary]). Since 
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the complement of U is of real codimension 2 in M", O = C^{V,U) 
is dense in CiV, M"). Given xi,...,Xn G CiV, M) such that y = 
(xi, . . . ,Xn,) € O, there is a holomorphic map h: P^(C) — > C"'(y, M) 
with h{pi,) = Xi,, V = 1, . . . ,n. Indeed, using Lemma 2.2 one finds 
rj: V such that (porj = y. Setting 

F{p,t) = f{p,v{t)), pe¥\C),teV, 

the map h given by = F{p, •) will do. 

3 The Proof of Theorem 1.4 

Fix d G N and consider the space of pairs of complex polynomials 

a complex manifold on which the group C* of nonzero complex num- 
bers acts holomorphically and freely by coefficientwise multiplication. 
Denote the quotient manifold by and by tt: ^ P^(C) the pro- 
jection 

Thus is a locally trivial fiber bundle. Let A C be the discriminant 
set, corresponding to pairs of polynomials with a common zero. 

Lemma 3.1. If V is a closed surface and ip: V ^ E\A is continuous 
then TT o ip: V (C) is homotopic to a constant. 

Proof. First observe that the fiber maps 

(d d \ / d~l d~l \ 

^ aju^ : ^ PjU^ j = ( adu'^ + « ^ ctjU^ : /Sau'^ + « XI '^J^'' ) ' 
0-^^ 

1 > s > 0, deform E on the image of a section. It follows that any 
section is a homotopy inverse of vr, in particular the section 

a{xo ■ xi) = {xqu'^ — xi : xiu"^ — xq), {xq ■ xi) G Pi(C). 

Next let L — ^ £^ denote the holomorphic line bundle determined by 
the hypersurfacc A. Thus L has a holomorphic section that vanishes 
precisely on A; in particular ip*L is trivial. One checks that the graph 
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of a intersects A in two points, whence the holomorphic hne bundle 
a*L — > P^(C) has a holomorphic section with two zeros. It follows 
that a*L is not (even topologically) trivial. On the other hand, since 
O" O TT ~ id^;, 

(tt o il;)*a*L = (a o tt o iIj)*L ^ ip*^', 

is trivial. Comparing Chern classes we find that tt o ?/; must induce 

the zero map H'^{F^{C)) H'^iV), and so vr o ^ is homotopic to a 
constant by Hopf's theorem, see [S, Chapter 8, Section 1]. 

Proof of Theorem I4. Define g G C'^(pi(C) x V,F^{C)) by 

g{s,t) = h{s){t), sGP^(C), teV. 

For each t ^ V g{-,t) is a holomorphic map P^(C) —>■ P^(C), whose 
degree d is independent of t; we assume h is nonconstant so that d > 0. 
A degree d self map of P^ (C) is a rational function 

d d 

with coprime numerator and denominator, and [a^^ Pd) 7^ (0, 0). Since 
numerator and denominator are determined up to a common factor 
A G C*, degree d maps correspond to points in E\A., and h induces a 
C^map?/): V ^ E\l^. By Lemma 3.1 /i(oo) = tto^' G C''(y, P^C)) is 
homotopically trivial, and therefore so are all maps s G P^(C), 

q.e.d. 

4 Holomorphic Functions on the Man- 
ifold of Based Loops 

In this section we shall consider a rationally connected complex pro- 
jective manifold M, the space C\ ^. {V, M) = Z oi based maps, A C 
V, xq G C'(y, M), and we shall show that complex valued holomor- 
phic functions on Z are locally constant. Theorem 1.5. We shall also 
derive Corollary 1.6, in a more general form. 

Lemma 4.1. Given p € M and v G TpM , there are a neighborhood 
U of p and a holomorphic map ip: P-'^(C) x U ^ M such that 

ip{(X), •) = idu and <^*T(oo,p)(P\C) x {p}) 3 v. 
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Proof. By [AK, Definition-Theorem 29] there is a holomorphic map 
ifo : F^{C) M such that 990(00) = p and the induced bundle ip^TM 
is ample. Wc shall obtain (p by deforming (pQ. Let denote the zero 
section of rP^(C). By deformation theory, there are a pointed complex 
manifold (W, 0) and a holomorphic map tp:F^{C)xW ^ M such that 
o) = ipo and 

(4.1) ToW MC, ^) e 0{ip*oTM) 

is an isomorphism; here (C,w) is a section of T(P^(C) x W) over 
P^(C) X {o}. This follows from [Kd], that studies deformations of 
submanifolds of a given manifold. To make the connection with defor- 
mations of maps P^(C) M needed here, observe that deformations 
of ifo correspond to deformations of the graph of </?o as a submanifold 
of Pi(C) X M. 

Since ip^TM is spanned by global sections, (4.1) shows tp{oo, •) is 
a submersion near o gW. Shrinking W we can therefore arrange that 
■i/'(oo, •) is everywhere submersive, and so 

Woo = {w eW : i^{oo, w) = p} 

is a submanifold. Under the isomorphism (4.1) ToWoo C TgW corre- 
sponds to 

Ooo{v*oTM) = {ae 0{ip*oTM) : a{oo) = 0}. 

We let s denote the standard complex coordinate on C C P^(C), and 
for a e OooifoTM) define 

a'{oo) = lim sa{s) G TpM. 

As if^TM is ample, the map a 1-^ a' {00) is onto. 

Note that the vector field s'^d/ds extends to ah of P^(C). With 
= i^i'iw) consider the map 

(4.2) Woo3w^ Vv,*{s'^d/ds\s=oo) e TpM. 

We shall assume that (4.2) maps o G W^o to 0, which can always 
be arranged upon replacing (po{s) by (^o(s^). One then computes, 
say in local coordinates, that the differential of the map (4.2) is the 
composition of (4.1) with the map 

Oooi^lTM) 3u^a' {00) e TpM « T^^TpM). 
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It follows that (4.2) is a submersion near o; hence v G ipw*Too^^{C) 
for some w € Woo- In some neighborhood U C Af of p the submersion 
■i/'(oo, •) has a holomorphic right inverse p: U ^ W with p{p) = w; 
then 

defines the map sought. 

Proof of Theorem 1.5. Let /: Z — > C be holomorphic; we have to 
prove df{^) = for all x e Z and ^ G T^Z. Fix x. Given t eV and 
nonzero G T^-ij-^M, construct C/ and (p as in Lemma 4.1, and with a 
sufficiently small neighborhood B dV oir define a C"" map 

P^(C) xB3{s,t)^ ip{s,x{t)) e M, 

holomorphic in s. Note that 

^{oo,t) = x{t) , teB. 

We take B compact and (when r > 1) a C"^ manifold with boundary. 
We also arrange that = #(•, t) is an immersion near oo, when t E B. 

First suppose that G T^Z !=a C^{x*TM) is supported in the 
(relative) interior of B, and 

(4.3) ^{t) e ^iT^F^{C), for all t G B. 

To show that df{^) = 0, consider the map u : CJ^j^q^-juq^ oo(-^' ^^('^)) ~^ 
Z, 



Hy{t),t), iit^B 
x{t), iit£V\B 

By [L2, Propositions 2.3, 3.1] u is holomorphic, and so is 

/o^:qAnB)uaB,oo(^,P'(C))-C. 

Therefore f o u is locally constant by [L2, Theorem 4.2]; for the case 
r = 0, see the earlier [DM]. Now is in the range of z/^,; indeed, 
^ = u^T], if r]{t) G TooPHC) is defined by r){t) = when t G V\B and 
^lr]{t) = ^{t) when t G cf. (4.3). It follows that 

dfiO = difouM = 0. 

Next choose a basis v = vi, . . . ,Vm oi T^^j^M and construct corre- 
sponding maps 

$1 = $2, . . . , $m : P'CC) X 5 ^ M. 
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If B is sufficiently small then 



j 

For each j, if € T^Z « C\{x*TM) has support in int B and satisfies 
(4.3), with j appended, then df{^j) = 0. Since any ^ G C\{x*TM) 
supported in vatB is the sum of such ,^j's, we conclude each t £ V 
has a neighborhood B so that = when supp ^ C int B. But 

then a partition of unity gives df{$,) = for all ^ G T-cZ, as needed. 

We shall apply Theorem 1.5 to study holomorphic connections in 
the following setting. Let tt : E ^ Nhea holomorphic map of complex 
manifolds locally biholomorphic to open subsets of Banach spaces. As- 
sume TT is a submersion, i.e. 7r^,(e) : T^E — > T^(^^^N is surjective for all 
e & E. A holomorphic connection on E (or on vr) is a holomorphic sub- 
bundle D C TE such that De is complementary to Ker 7r*(e), e E E. 
The connection is complete if curves in N can be lifted to horizontal 
curves in E, i.e., for any x € C"'^([0, 1],N) and e G 7r^^(x(0)) there is 
a y G ^^^([0, 1], E) such that y{0) = e, tt o y = x, and y'{t) G -D^^^) for 
all < t < 1. The lift is unique by the uniqueness theorem for ODE's. 
For example, linear connections on Banach bundles and G-invariant 
connections on principal G bundles — G a Banach-Lie group — are com- 
plete. 

The simplest example of a connection is on a trivial bundle tt: E = 
F X N ^ N, with D(^f .^-^ = T(j „)({/} x N). Connections isomorphic 
to such a connection are called trivial. Corollary 1.6 follows from 

Theorem 4.2. Let M be a rationally connected smooth complex pro- 
jective manifold, E a complex m,anifold locally biholomorphic to open 
subsets of Banach spaces, and n: E M a holomorphic submersion 
such that on each fiber holomorphic functions separate points. If tt 
admits a complete holomorphic connection D then the connection is 
trivial. 

Proof. The mapping space C^([0, ^],E) has a natural structure of a 
complex manifold — the construction in [L2, Section 2] carries over to 
Banach manifolds. Horizontal lift defines a map A of the manifold 

{(e,x) eEx C^([0,1],M): 7r(e) = x(0)} 

into C^([0, 1], -E). This map is holomorphic. To see this, note that 
for (e,x) in a small neighborhood of a fixed (eo,a;o), and for small 
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T G (0, 1], finding y = A{e,x) over the interval [0, r] amounts to solv- 
ing an ODE. Doing this by the standard iterative scheme of Picard- 
Lindelof (see [Hm, p. 8]) shows the local lift y|[0,r] G C^{[0,t],E) 
depends holomorphically on {e,x). Since the full lift y is obtained by 
concatenating local lifts, A is indeed holomorphic. It is also equiv- 
ariant with respect to reparametrizations: if a : [0, 1] [0, 1] is a 
map, £7(0) = 0, then 

(4.4) A(e,x)oc7 = A(e,xo(7), x G C^([0, 1], M). 
With fixed p £ M and variable q e M consider 

Y = {xe C\[0,1],M): x{0) =p}, Yq = {xeY: x{l) = q}, and 

Zg = {x eYgi x'{0) G TpM and x'(l) G TgM are both zero}, 

connected manifolds since M is simply connected by [C], or by our 
Subsection 1.3. Therefore Theorem 1.5 implies that C-valued holo- 
morphic functions on Zg are constant. In particular, for any e G 
7r~^(p) and holomorphic function h: TT~^{q) — > C, /i(A(e, x)(l)) is in- 
dependent of x E Zg. Since holomorphic functions separate points of 
Tr~^(q), A(e, x)(l) itself is independent of x G Zg. It follows from (4.4) 
that A(e, x)(l) is even independent of x G (take e.g. a{t) = 3t^— 2i^, 
then xo(j G Zg), and so there is a holomorphic map 
E such that 

(4.5) A(e,x)(l) = *(e,x(l)). 

One checks that ^ is biholomorphic and maps Tr''^{p) x {q} to Tr~^{q), 
qe M. 

To conclude, note that with r G [0,1] and a{t) = rt (4.4), (4.5) 
imply 

A(e,x)(T) = ^'(e,x(T)), 

i.e. ^ maps curves (e, x) to horizontal curves in E. It follows that the 
induced connection "^^^D on the bundle 7r~^(p) x M — > M is trivial, 
hence so is Z). 

5 Holomorphic Tensor Fields 

To prove Theorem 1.7 we first discuss the notion of order of vanishing. 
Let y be a complex manifold, locally biholomorphic to open sets in 
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Banach or even Frechet spaces, y eY, and / : y — > C holomorphic. 
We say that / vanishes at y to order n if for arbitrary < k < n and 
vector fields vi, . . . ,Vk on Y , holomorphic near y 

{viV2... Vkf){y) = 0. 

If Y is connected and / vanishes at y to all orders then / = 0. 

Suppose / vanishes at y to order n. To see if it vanishes to order 
n + 1, one is led to consider holomorphic vector fields vi, . . . ,Vn in a 
neighborhood of y and 

(5.1) {viV2... Vnf){y). 

Observe first that (5.1) is independent of the order in which the vector 
fields are applied (since e.g. 

V2V1V3 . . . Vnf = V1V2 . ■ ■ Vnf - [VI,V2]V3 . . . Vnf = V1V2 ■ ■ ■ Vnf 

at y); next that (5.1) vanishes if some Vi vanishes at y (since this is 
clearly so if vi{y) = 0). It follows that (5.1) depends only on the 
values that the Vi take at y, and so (5.1) induces a symmetric n-linear 
map 

d"/(j/) : T^Y = TyY ® ...®TyT ^C. 

Proof of Theorem 1.7(a). Constant maps V ^ M form a submanifold 
of Y, biholomorphic to M; we shall simply denote this manifold by 
M C Y. If f : Y —>■ C is holomorphic then by assumption /|M is 
constant. At the price of subtracting this constant from / we can 
assume / vanishes at each point of M to first order. We shall prove 
by induction it vanishes at each p G M to arbitrary order. 

Suppose / is already known to vanish to order n > 1 at each 
p € M, so that the differentials (Pf{p) are defined on T^Y. We want 
to show (Pfip) = 0, i.e., 

(5.2) rf{p){vi, ...,vn) = 0, me TpY, peM. 

Note that by Subsection 1.1 TpY is naturally isomorphic to C^{V, TpM). 
With fixed 99i, ...,(/?„ G C(F, C) define a homomorphism : T^M — > 
T"'Y\M of holomorphic vector bundles 

(5.3) T^M 3 (6, ...,^n)^ (<^i6, ■ ■ ■,^n^n) e T^Y\M; 
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the puUback of cPf by is a symmetric holomorphic tensor field on 
M, of weight n > 1, hence vanishes. Therefore (5.2) holds when each 
rji is of form ipi^i, and also when each rji is a linear combination of 
such tangent vectors. When dim TpM < oo, linear combinations 

k 

^0')^0-)^ keN, if^^^ e C"'(y, C), ^^^^ e TpM, 

constitute all of C"'(V, TpM), and in general a dense subspace; whence 

indeed dP" f{p) = 0, p G M. This means / vanishes to order n + 1 
along M, hence to all orders, and therefore / = on y. 

For the rest of Theorem 1.7 we first extend the notions of van- 
ishing order and higher differentials to tensor fields. Let now / be a 
holomorphic tensor field of weight j on the manifold Y. We say that / 
vanishes at y G y to order n > if for all < A; < n and holomorphic 
vector fields vi, . . . ,Vk-,wi, . . . ,Wj, defined near y 

vi...Vkf{wi,...,Wj) = at y. 

Note that vanishing to order is automatic. Suppose / does vanish 
to order n. As before, 

(5.4) {vi...Vnf{wi,...,Wj)){y) 

is symmetric in the vi, and for fixed Wi, depends only on the values 

Proposition 5.1. If some Wi vanishes at y then (5.4) vanishes. 

Proof. First observe that if F is a Frechet space, h an F valued 
holomorphic function defined in a neighborhood of in some C^, and 
h{0) = 0, then there are holomorphic functions h\,...,hq such that 

<? 

h{zi, ...,Zq) = Y Zshs{zi, ...,Zq) 

in a neighborhood of 0. Indeed, 

Now suppose, for concrcteness, that wi{y) = 0. Since as far as the 
vi are concerned, (5.4) depends only on vi{y), we can assume that all vi 
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are tangent to a finite, say g, dimensional submanifold Q CY passing 
tlirougli y. After a local trivialization of TY the above observation 
gives holomorphic functions (local coordinates) Cij---)Cq on Q and 
holomorphic sections hi, . . . ,hq of TY\Q near y, such that 

Ci(j/) = • • • = C«(y) = and wi\Q = ^Cshs. 

s 

Then Leibniz's rule implies 

Vi . ..Vnf{wi,...,Wj) = ^-Ui . ..Vn{Csf{hs,W2, ■ ■ ■ ,Wn)} = 

s 

at y. 

It follows that (5.4) depends only on (/ and) the values that 
vi, . . . ,Wj take at y; therefore (5.4) induces a multilinear map 

cr/(y):r;+^y^c. 

Proof of Theorem 1.7(h). Assume now / is a holomorphic tensor field 
of weight j > 1 on Y . Suppose we know / vanishes at all p G M to 
order n > 0. As before, a choice of (^i, . . . , ^Pn+j £ C"'(F, C) defines a 
homomorphism : T^+^M T'^+^Y\M , cf. (5.3). The pullback 
of dP" f by ^n+j is a holomorphic tensor field on M, hence 0; from 
which it follows, as earlier, that (i"'/(p) = 0, p € M. Thus / vanishes 
to order n + 1 along M, so to all orders. This implies / = on y as 
claimed. 

References 

[AW] M. Andreatta, J. Wisniewski, On manifolds whose tangent 
bundle contains an ample subbundle, Invent. Math. 146 
(2001) 209-217. 

[AK] C. Araujo, J. Kollar, Rational curves on varieties, Higher Di- 
mensional Varieties and Rational Points, Bolyai Soc. Math. 
Studies 12, eds. K. Boroczky Jr., J. Kollar, T. Szamuely. 

Springer (2003) 13-68. 

[A] M. F. Atiyah, Complex analytic connections in fibre bundles. 
Trans. Amer. Math. Soc. 85 (1957), 181-207. 



23 



[C] F. Campana, Remarques sur le revetement universel des 
varietes Kdhleriennes compactes, Bull. Soc. Math. Prance 122 
(1994) 255-284. 

[DM] S. Dineen, P. Mellon, Holomorphic functions on symmetric 
Banach manifolds of compact type are constant, Math. Z. 229 
(1998) 753-765. 

[Hm] P. Hartman, Ordinary Differential Equations, 2nd edition, 
Birkhauser, 1982, Boston. 

[Hs] R. Hartshorne, Algebraic Geometry, Springer, 1997, New 
York. 

[Kd] K. Kodaira, A theorem of completeness of characteristic sys- 
tems for analytic families of compact submanifolds of complex 
manifolds, Ann. of Math. (2) 75 (1962) 146-162. 

[Kl] J. KoUar, Rational Curves on Algebraic Varieties, Springer, 
1996, Berlin. 

[KMM] J. KoUar, Y. Miyaoka, S. Mori, Rationally connected varieties, 
J. Alg. Geom. 1 (1992) 429-448. 

[KS] J. Kollar, E. Szabo, Rationally connected varieties over finite 
fields, Duke Math. J. 120 (2003) 251-167. 

[LI] L. Lempert, The Dolbeault complex in infinite dimensions I, 
J. Amer. Math. Soc. 11 (1998) 485-520. 

[L2] L. Lempert, Holomorphic functions on (generalised) loop 
spaces. Math. Proc. Royal Irish Acad. 104A (2004) 35-46 

[M] D. Mumford, Algebraic Geometry I. Complex Projective Va- 
rieties, Springer, 1976, Berlin. 

[S] E. Spanier, Algebraic Topology, McGraw-Hill, 1966, New 
York. 



24 



